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Measurement Noise
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variance in estimate > 
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Kalman Gain              kn = wn-1 / (wn-1 + noise)

Predicted speed     mn = mn-1 + kn-1 (on - mn-1)              
Variance                     wn = (1 - kn-1 ) wn-1
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kn = (wn-1 + z) / (wn-1 + z + noise)
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Kalman FilterVolatile Kalman Filter (VKF)     Piray, P., & Daw, N. D. (2020)
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It is not noise, it’s a change in the environment!

kn = (wn-1 + zn-1) / (wn-1 + zn-1 + noise)


mn = mn-1 + kn-1 (on - mn-1)                 


wn = (1 - kn-1 ) (wn-1 + zn-1)



An Example
Go NoGo



Volatility 
zn = N(zn | zn-1, σ2v )

VKF as Perceptual Model

Go(1) vs NoGo (0)un-1 un

Mean  
xn = N(xn | xn-1, z-1n )xnxn-1

znzn-1
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Frässle, S., et al. (2021); Mathys, C. D., et al., (2014)
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sigma_v = 0.6  omega = 0.02 sigma_v = 0.02   omega = 0.1 sigma_v = 0.6 omega = 2 

initial volatility = 2 

sigma_v    volatility learning rate

omega      perception of volatility        



Perceptual Model
for (t in 1:N) {


      o = GO[t];               // input


      mpre = m;             // prediction


      wpre = w;              // variance 

      predictions[t] = m;


      volatility[t] = v;         // volatility


      delta_m = o - sigmoid(mpre);                  // prediction error (pe) 

      k = (wpre + v) / (wpre + v + omega);      // Kalman Gain 

      m = mpre + sqrt(wpre + v) * delta_m;       // prediction update 

      w = (1 - k) * (wpre + v);                          // variance update 

      wcov = (1 - k) * wpre;                         // covariance


      delta_v = (m-mpre)^2 + wpre + w - 2*wcov - v;        // volatility pe


      v           = v + sigma_v * delta_v;          // volatility update


}

Initial Values 
w = omega 

v = v0 
m = 0 (i.e., .50)

omega      perception of volatility        

v0      initial volatility

sigma_v     volatility learning rate



Response model (reaction times, RT)

for (n in 1:N) {


  real T = RT[n] - ndt;  // decision time = RT - non-decision time


  real mu = intercept + predictions[n] * beta 


  log_lik[n] = lognormal_lpdf( T | mu, sigma); 


}

  target += sum(log_lik);

}



Volatility and Predictions

0.25

0.50

0.75

0 100 200 300 400
Trial N

si
gm

oi
d(

pr
ed

ic
tio

ns
)

1

2

3

4

0 100 200 300 400
Trial N

vo
la

til
ity

0.25

0.50

0.75

0 100 200 300 400
Trial N

si
gm

oi
d(

pr
ed

ic
tio

ns
)

1

2

3

4

0 100 200 300 400
Trial N

vo
la

til
ity



omega

0
2

4
6

8
10

0 2 4 6 8 10

0 2 4 6 8 10

v0

0
2

4
6

8
10

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
4

0.
8lambdasigma_v

But…
omega      perception of volatility        

v0      initial volatility

sigma_v     volatility learning rate



Simulation and Parameter Recovery  

Examples with priors centred on the true values vs. not



sigma

intercept beta ndt

omega sigma_v v0

0.290 0.295 0.300 0.305 0.310 0.315

4.750 4.775 4.800 4.825 −0.32 −0.31 −0.30 −0.29 −0.28 145.0 147.5 150.0 152.5 155.0

0.45 0.50 0.55 0.60 0.00 0.25 0.50 0.75 0 1 2 3 4

Estimated

True

Parameter Recovery  
N_subj = 1, N_trials = 22400

Priors centred on true values

v0          initial volatility 

sigma_v    volatility learning rate

omega      perception of volatility        
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0.29 0.30 0.31 0.32

4.750 4.775 4.800 4.825 −0.32 −0.30 −0.28 147.5 150.0 152.5 155.0 157.5

0.45 0.50 0.55 0.60 0.65 0.700.00 0.25 0.50 0.75 1.00 0 1 2 3

Estimated

True

v0          initial volatility 

sigma_v    volatility learning rate

omega      perception of volatility        

Parameter Recovery  
N_subj = 1, N_trials = 22400

Incorrect priors:  omega ~ N(3,1);   sigma_v ~ N(0.9,0.5);   v0 ~ N(0.3,1)



Perceptual Model
for (t in 1:N) {

     o = GO[t]; // input

     mpre = m;             // prediction

      wpre = w;              // variance 
      predictions[t] = m;

      volatility[t] = v;         // volatility

      delta_m = o - sigmoid(mpre); // prediction error (pe) 
      k = (wpre + v) / (wpre + v + omega); // Kalman Gain 
      m = mpre + sqrt(wpre + v) * delta_m; // prediction update 
      w = (1 - k) * (wpre + v);  // variance update 
      wcov = (1 - k) * wpre; // covariance

      delta_v = (m-mpre)^2 + w + wpre - 2*wcov - v;  // volatility pe  

v           = v + sigma_v * delta_v;  // volatility update

}

Initial Values 
w = omega 

v0 = 2 
m = 0 (i.e., .50)



beta ndt sigma

omega sigma_v intercept
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0.0 0.5 1.0 1.5 2.0 0.00 0.25 0.50 0.75 1.00 4.75 5.00 Estimated

True

Parameter Recovery  
N_subj = 1, N_trials = 448

Priors centred on true values

v0         2

sigma_v    volatility learning rate

omega      perception of volatility        



beta ndt sigma

omega sigma_v intercept
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N_subj = 1, N_trials = 448


Incorrect priors:  omega ~ N(3,1);   sigma_v ~ N(0.9,0.5)
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sigma_v    volatility learning rate

omega      perception of volatility        



beta ndt sigma

omega sigma_v intercept
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N_subj = 1, N_trials = 4480


Incorrect priors:  omega ~ N(3,1);   sigma_v ~ N(0.9,0.5)

v0         2

sigma_v    volatility learning rate

omega      perception of volatility        



N_subj = 30;  N_trials = 448; V0 = 4;


Priors on true values: intercept = 5.30; ndt = 150;  beta = -0.3; omega = 0.5; sigma_v = 0.1
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Take home message: 
Cognitive modeling is cool but… 
Test models before trust them! 



Roberta Sellaro
Nicola Cellini

Antonino Visalli

Thanks!
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