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Introduction



Motivating example

Scenario 1

• Two large studies with β1 large, β2 small.
• P(β > ε|data) ≈ 0.72, with ε > 0 that is a pre-specified threshold.

Scenario 2

• Two smaller studies with both β3 and β4 moderate and fairly
consistent.

• P(β > ε|data) ≈ 0.72.

Question
Do these scenarios with the same probability represent the same state
of knowledge?



An introductive example

SNP
(chr2)

TF
(PAX8)

Target
(TSHR)

Populations:
African Am.

European Am.
Asian Am.
Hispanic

β

The biological replicability question
PAX8 is the master transcriptional regulator of the thyroid, driving the
expression of the Thyroid Stimulating Hormone Receptor. Does the
genetic variant regulating PAX8 have a replicable effect across
different human populations?



Bayesian hierarchical model

The model
For study s = 1, . . . , S and individual i = 1, . . . , ns

Ysi ∼ N
(
αs + βsXsi , σ2

s
)

The study-specific parameters are drawn from population-level
distributions

βs | β, τβ ∼ Student-t(3, β, τβ)
αs | α, τα ∼ Student-t(3, α, τα)

σs ∼ Student-t[0,∞)(3, µσ, ησ)

The generative parameters are assigned data-driven informative
priors elicited from an Empirical Bayes approach

β ∼ Student-t(3, µβ , σβ)
τβ ∼ Half-t(3, 0, στβ

)
α ∼ Student-t(3, µα, σα)

τα ∼ Half-t(3, 0, στα).



Prior and hyperprior specification

Empirical Bayes Approach
The hyperparameters are informed by meta-analytical estimates derived
from a set of almost 200 independent biological triplets.

Triplet k SNP TF Gene
Pop 1 (African) Pop 2 (European)

. . .
β̂1k SE1k β̂2k SE2k

k = 1 rs11249415 TP53 CDKN1A 0.42 0.05 0.38 0.04 . . .

k = 2 rs9282541 MYC CD44 -0.15 0.08 -0.18 0.06 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . .



Empirical Bayes: hyperprior distributions

Path Coefficients and Intercepts
For each triplet k,

µβ,k =
∑

s wsk β̂sk∑
s wsk

τβ,k =

√∑
s wsk(β̂sk − µβ,k)2∑

s wsk
,

where wsk = 1/SE 2
sk .

Residual Standard Deviations

µσ,k =
∑

s wsk σ̂sk∑
s wsk

,

where wsk = dfsk .
Global Empirical Bayes Hyperparameters
To match the empirical variance to a Student-t distribution (ν = 3),
scale parameters are adjusted by c =

√
(ν − 2)/ν

µβ = Mean(µβ,k) σβ = c · SD(µβ,k) στβ
= c ·Mean(τβ,k)

µσ = Mean(µσ,k) ησ = c · SD(µσ,k).



Multiple facets of replicability

A single replicability analysis can address four complementary replicability
questions

• Replicability as traditionally defined in independent studies:
how consistent are the results of studies on the effect?
-> Independent analysis

• Inference at the meta-analytic level implied by a common
generative model: does the generative effect exceed a threshold?
-> Generative model

• Consistency between individual studies and the shared
meta-analytic structure: what is the probability that two studies
that are consistent are also consistent with the generative model?
-> Hierarchical model

• Consistency between an existing body of evidence and a new
study arising from the same generative model: what is the
probability that a new study, is consistent with the existing body of
evidence?
-> Hierarchical model



Taxonomy of replication metrics

REPLICATION PROBABILITIES

Independence Dependence

Agreement
between studies

Conditional
on original study

Agreement
between studies

Conditional
on original study

Consistency with
generative model

Conditional
on genera-
tive effect

Inference at the
meta-analytic level

Consistency between an existing
body of evidence and a new
study arising from the same

generative model
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Pnon-null

Ppos

Pnull

Pneg
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Posterior draws & region of interest

• Let t = 1, . . . , T index the posterior samples generated by MCMC.
For each study s, we obtain posterior draws

β(t)
s , t = 1, . . . , T .

• The effect parameter subspace (region of interest) B ⊂ R
represents values that are considered practically or theoretically
meaningful

B = {β : |β| > ε},

where ε > 0 is based on theoretical knowledge of the
phenomenon of interest.

• For a given study s, the posterior probability that the effect lies in
the region of interest is estimated as

P
(
βs ∈ B | Datas

)
≈ 1

T

T∑
t=1

1
(

β(t)
s ∈ B

)
.



Replication probabilities for independent analyses

Independence

Agreement between studies

Conditional
probability

on the
original
study

Overall Non-null
Signed-agree

Conditional

pos null neg

S Poverall,S Pnon-null,S Ppos,S Pnull,S Pneg,S Pcond|O,S

S−1 Poverall,S−1 Pnon-null,S−1 Ppos,S−1 Pnull,S−1 Pneg,S−1 Pcond|O,S−1

...
...

...
...

...
...

...

2 Poverall,2 Pnon-null,2 Ppos,2 Pnull,2 Pneg,2 Pcond|O,2

Agreement

β1

β2

both > ε

both < −ε

both null

Conditional probability

β1

β2

conditioning: |β1| > ε conditioning: |β1| > ε

null band |β1| ≤ ε



Overall agreement

For a threshold ε > 0, we define the count of studies showing positive,
negative, or null effects

N(t)
pos =

S∑
s=1

1
(
β(t)

s > ε
)
, N(t)

neg =
S∑

s=1
1
(
β(t)

s < −ε
)
, N(t)

null =
S∑

s=1
1
(
|β(t)

s | ≤ ε
)
.

Overall agreement (Poverall)
The posterior probability that a consensus majority k (e.g., k ≥ 3 out
of S = 4) agree on the direction, or agree on the absence of a relevant
effect

Poverall, k = 1
T

T∑
t=1

1
(

N(t)
null ≥ k ∨ N(t)

pos ≥ k ∨ N(t)
neg ≥ k

)

Interpretation: How often do the populations qualitatively agree without contradicting
each other?



Conditional replication probability

Conditional replication probability (Pcond|O)
The conditional posterior probability that the effect discovered in the
original study O replicates in at least k − 1 other studies (i.e., at least k
studies in total):

Pcond|O =

∑T
t=1 1

((
β

(t)
O > ε ∧ N(t)

pos ≥ k
)
∨
(
β

(t)
O < −ε ∧ N(t)

neg ≥ k
))

∑T
t=1 1

(
|β(t)

O | > ε
)

Interpretation: Assuming the effect is practically significant in the discovery cohort,
what is the probability it exists in at least k − 1 other populations?



Replication probabilities for dependent analyses
Dependence

Agreement between studies

Conditional
probability

on the
original
study Consistency between studies and the generative model

Conditional
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on the
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Signed-agree
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β1

β2

both > ε
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both null

Conditional probability

β1

β2

conditioning: |β1| > ε conditioning: |β1| > ε

null band |β1| ≤ ε



Consistency with the generative model

Overall consistency (Pval, overall)
How often do the majority of studies and the population-level effect
simultaneously agree in sign (or null)?

Pval, overall, k = 1
T

T∑
t=1

1
((N(t)

pos ≥ k ∧ β(t) > ε) ∨
(N(t)

neg ≥ k ∧ β(t) < −ε) ∨

(N(t)
null ≥ k ∧ |β(t)| ≤ ε)

)

Signed consistency (Pval, pos, Pval, neg, Pval, null)
For a specific direction (e.g., positive)

Pval, pos, k = 1
T

T∑
t=1

1
(

N(t)
pos ≥ k ∧ β(t) > ε

)

Interpretation: Does the global generative effect β represent a robust biological
consensus across most populations?



Conditional correctness of the generative model

Conditional signed-agree (Pcpos, Pcneg, Pcnull)
Conditional on the generative effect β being practically positive, the
probability that this is robustly supported by a consensus of at least k
studies is

Pcpos, k =

∑T
t=1 1

(
N(t)

pos ≥ k ∧ β(t) > ε
)

∑T
t=1 1

(
β(t) > ε

)

Interpretation: When the true global effect is positive, how often do the specific
populations correctly identify and replicate a positive effect?



Results
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Conclusion
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Independent Hierarchical

How consistent are the results
of studies on the effect?

Does the generative effect
exceed a prespecified

threshold?

What is the probability that two studies that are
consistent are also consistent with the generative model?

What is the probability that a new study,
arising from the same generative model,

is consistent with the existing body of evidence?
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